Abstract. We show that the Liquid Drop Model is best suited to describe the masses of prolate deformed nuclei than of spherical nuclei. To this end three Liquid Drop Mass formulas are employed to describe nuclear masses of eight sets of nuclei with similar quadrupole deformations. It is shown that they are able to fit the measured masses of prolate deformed nuclei with an RMS smaller than 750 keV, while for the spherical nuclei the RMS is, in the three cases, larger than 2000 keV. The RMS of the best fit of the masses of semi-magic nuclei is also larger than 2000 keV. The parameters of the three models are studied, showing that the surface symmetry term is the one which varies the most from one group of nuclei to another. In one model, isospin dependent terms are also found to exhibit strong changes. The inclusion of shell effects allows for better fits, which continue to be better in the prolate deformed nuclei region.
Introduction
The description of nuclear masses in terms of the Liquid Drop Model paved the way to the basic understanding of nuclear properties, like the saturation of the nuclear force, the existence of pairing and shell effects, and the description of fission and fusion processes [1] . The Q-values of different nuclear reactions, obtained from mass differences, must be accurately known to allow the description of the astrophysical origin of the elements [2] . Accurate theoretical predictions of nuclear masses remain a challenge [3] , sharing the difficulties with other quantum many-body calculations, and complicated by the absence of a full theory of the nuclear interaction.
Decades of work have produced microscopic and macroscopic mass formulas [4] . At present, the most successful approaches seem to be the Finite Range Droplet Model (FRDM) [5] , the Skyrme and Gogny Hartee Fock Bogolyubov (HFB) [6, 7] , and the Duflo-Zuker (DZ) mass formula [8, 9, 10] . They allow for the calculation of masses, charge radii, deformations, and in some cases also fission barriers. They all contain a macroscopic sector which resembles the Liquid Drop Mass (LDM) formula, and include deformation effects. HFB calculations are now able to fit known nuclear masses with deviations competitive with the '95 FRDM calculations, which are also being improved, while the most precise and robust nuclear mass predictions are given by the DZ model [4, 11] .
The Liquid Drop Mass (LDM) formula captures the macroscopic features of the mass dependence on the number of neutrons N , of protons Z, and on its mass numbers A = N + Z.
It includes volume and surface terms, the Coulomb interaction between protons, Wigner and symmetry terms, linear and quadratic in the neutron excess N − Z, and a pairing term. It is generally assumed that the liquid-drop energy of a spherical nucleus is described by a BetheWeizsäcker mass formula [12] , being a common practice to describe nuclear masses and radii of spherical closed-shell nuclei in terms of a mean field and add deformation and other shell effects as corrections [13] .
It is the purpose of this contribution to show that, when nuclei with measured masses are grouped according with their quadrupole deformations, three Liquid Drop Mass formulas consistently allow for a fit with an RMS smaller than 750 keV for the set of most prolate deformed nuclei, while they are unable to fit the masses of spherical nuclei with an RMS smaller than 2000 keV. Semi-magic nuclei are fit with a similarly large RMS. The parameters of the three models are studied, showing that the surface symmetry term is the one which varies the most from one group of nuclei to another. In one model, isospin dependent terms are also found to exhibit strong changes.
Shell effects refer to the differences between the experimental binding energies [14] and the LDM predictions. In this work they are included employing linear, quadratic [15, 16] , 3-and 4-body terms [13] , functions of the number of valence nucleons, following the ideas of the DufloZuker model [8, 9, 10] .The inclusion of shell effects allows for better fits, while the smallest rms are found again in the prolate deformed nuclei region.
The three Liquid Drop Mass formulas
Three Liquid Drop Mass formulas will be employed to analyze their ability to fit nuclear masses. One of them treats consistently volume and surface effects [13] . The second one incorporates explicitly isospin effects [12] while the third one includes quadratic isospin effects, the diffuseness correction to the Coulomb energy, the charge exchange correction term and the curvature energy [17] .
In Ref. [13] an improved version of the liquid-drop mass formula with modified symmetry and Coulomb terms is built, following a consistent treatment of nuclear bulk and surface effects. The negative nuclear interaction energy is given by:
where the pairing interaction is given by ∆ = 2, 1, and 0 for even-even, odd-mass and odd-odd nuclei, respectively. A modification Λ in the Coulomb term is included
Its presence in the denominator of the Coulomb term suggests that it can be viewed as a correction to the radius of the nucleus. The symmetry term employs 4T (T + 1) instead of (N −Z) 2 to account for the Wigner energy. The Coulomb interaction is proportional to Z(Z −1) to avoid the Coulomb interaction of a proton with itself. The second LDM formula we are going to analyze was introduced in Ref. [12] by considering isospin effects. In this case the liquid-drop energy of a spherical nucleus is described by a modified Bethe-Weizsäcker mass formula
with isospin asymmetry I = (N − Z)/A. The pairing term is taken form [18] 
and the symmetry energy coefficient of finite nuclei is written as,
based on the conventional surface-symmetry term of liquid-drop model, with a small correction term for description of isospin dependence of a sym . The symmetry energy coefficient a sym increases with decreasing isospin asymmetry. This I correction term approximately describes the Wigner effect for heavy nuclei. Different mass formulae derived from the liquid drop model and the pairing and shell energies of the Thomas-Fermi model have been studied and compared in Ref [17] . We selected for this study to include the diffuseness correction to the Coulomb energy, the charge exchange correction term and the curvature energy. In Ref. [17] it is reported that the Coulomb diffuseness correction Z 2 /A term and the charge exchange correction Z 4/3 /A 1/3 term play the main role to improve the accuracy of the mass formula. The Wigner term and the curvature energy can also be used separately but their coefficients are very unstable.
Their LDM formula is
The volume energy corresponding to the saturated exchange force and infinite nuclear matter is given by the first term. I 2 A is the asymmetry energy of the Bethe-Weizsäcker mass formula. The second term is the surface energy. Its origin is the deficit of binding energy of the nucleons at the nuclear surface and corresponds to semi-infinite nuclear matter. The following term is the curvature energy. It results from non-uniform properties which correct the surface energy and depends on the mean local curvature. The decrease of binding energy due to the Coulomb repulsion is given by the fourth term, which has and adjustable charge radii r 0 A 1/3 . The Z 2 /A term is the diffuseness correction to the sharp radius Coulomb energy, also called also the proton form-factor. The Z 4/3 /A 1/3 term is the charge exchange correction term. The pairing energies of the Thomas-Fermi model [19] were employed.
The fits
The coefficients of the three LDM were selected to minimize the root mean square deviation (RMS) when the predicted binding energies BE th (N, Z) are compared with the experimental ones BE exp (N, Z), reported in AME03 [14] , modified so as to include more realistically the electron binding energies as explained in Appendix A of Lunney, Pearson and Thibault [4] .
N nucl is the number of nuclei in each group, listed in the fourth row of Table 1 . The nine groups on nuclei employed in the present study, their range of quadrupole deformation, and their number of nuclei.
• all nuclei whose measured masses are reported in AME03 [14] , which have N, Z ≥ 8,
• seven groups of nuclei whose quadrupole deformations, taken form the FRDM [21] , lie in the ranges listed in the second and third row of Notice that group 1 contains most of the oblate nuclei, that the more spherical nuclei belong to group 3, and that the more prolate deformed nuclei are included in groups 6 and 7.
For each LDM equation, nine fits were performed, one for each group of nuclei. In this way, nine sets of parameters were obtained, which minimize the RMS of each group of nuclei. Employing these nine sets of parameters, the RMS were estimated for all groups, whose RMS are shown in the next subsections.
Analysis of the LDM1 formula
Here we show the results obtained using Eq. (1) for the nine regions. In our calculations we select nine sets of fixed values for the parameters a v , a s , a c , a p , S v and y. The results are exhibited in Tables 2 and 3 . Tables 4 and 5 . 
The results are exhibited in Tables 6 and 7 . Tables 2, 4 , 6 display the RMS obtained with the three LDM formulas. Each row refers to one fixed set of parameters, each column to one group of nuclei. For the LDM1, Table 2 , the global RMS is 2.39 MeV for the 2149 nuclei. In some groups, containing around two or three hundred nuclei, the RMS obtained with this set of parameters is smaller than the global one. The largest RMS are found in groups 2 and 3, those containing spherical nuclei. Along each column, corresponding to one group of nuclei, the smallest RMS always corresponds the set of parameters obtained fitting in this group, as expected. These RMS values are displayed in bold numbers. It is remarkable that the smallest RMS values are found in the two groups having the more oblate deformed nuclei, in groups 6 and 7, with 0.87 and 0.75 MeV, respectively. On the other hand, the best fit of the spherical nuclei in group 3 has an RMS larger than 2.0 MeV, and those nuclei with very small quadrupole deformation, belonging to groups 2 and 4, have RMS larger than 1.6 MeV. Consistently, the semi-magic group of nuclei, which have small quadrupole deformations, have an RMS of 2.1 MeV. By analyzing the RMS for each column, it is possible to notice that the smaller RMS are always found around the smallest one. It supports the idea that the division in the seven groups with different deformations makes sense, because the parameters obtained fitting nuclei with a close deformation produce also a small RMS. Notice, for example, that among the RMS of groups 1 and 7, the more oblate and prolate deformed, respectively, the largest RMS are found with the sets of parameters 2 and 3, i.e. those fitted for spherical nuclei. On the opposite side, along columns 3 and 4, containing the more spherical nuclei, the largest RMS are found employing the sets 1 and 7, and in some cases 2 and 6. It is tempting to conclude that the LDM is best suited for the description of prolate quadrupole deformed nuclei. In order to find support for this conclusion, it is worth to analyze the results presented in Tables 4 and 6 . The global RMS for LDM2 is 2.37 MeV, and for LDM3 is 2.42 MeV. The three fits are pretty close to each other. The smallest RMS are always found for the 364 nuclei belonging to group 7, the more prolate deformed, with 0.65 MeV and 0.63 MeV for LDM2 and LDM3, respectively. The masses of the 332 spherical nuclei included in group 3, and the 185 semi-magic nuclei can hardly be fitted with and RMS smaller that 2.0 MeV. Also the correlations between groups are similar for these two other models. This is the most relevant result reported in this contribution: the Liquid Drop Model is best suited to describe the masses of prolate deformed nuclei than of spherical nuclei.
LDM and deformation

Comparison of the three LDM formulas
While being close to each other, the three LDM formulas employed in this work have differences which are worth to be studied in detail. A statistical analysis of the parameters of each model probed to be useful in previous studies [11] . From the nine values of each parameter, their average, fluctuations and percentage fluctuations are presented in the last three rows of Tables  3, 5 and 7. The LDM1, Eq. (1) and LDM2, Eq. (3) are very similar. Their volume, surface and Coulomb parameters, listed in Tables 3 and 5 , have nearly equal numerical values, and are all of them very stable, with a dispersion along the nine sets smaller than 2%. The pairing parameter fluctuate between 10% and 13%, and the coefficient of the symmetry term around 6-7%. The surface symmetry term y in LDM1 is the most unstable, with fluctuations of 22%, while its counterpart in LDM2, κ, has fluctuations of 12%. In this subtle sense, LDM2 could be considered more stable than LDM1. It could be useful to perform a deeper comparison of the surface symmetry terms, which in one model was obtained asking for consistency between the volume and surface contributions, while in the other was designed to incorporate the isospin dependence explicitly.
The LDM3, Eq. (6), has also stable volume and Coulomb (charge radius) terms, but the surface term has fluctuations of the order of 5%, as seen in Table 7 . The pairing parameter, as in the other two models, fluctuates around 10%. On the other hand, the model has ten parameters, and the remaining six have enormous fluctuations in both magnitude and sign. These instabilities of the model parameters could be interpreted as a weakness which should be addressed.
Shell effects
The main obstacle for an accurate description of spherical nuclei employing a Liquid Drop Mass formula are the shell effects around closed shells.
In the literature many different ways of implementing shell corrections to the LDM can be found; in general, these methods are rather laborious. A simple method was proposed in Refs. [15, 16] based on counting the number of valence nucleons. This shell correction is linear and quadratic in the total number of valence nucleons n and z,
where n and z are the numbers of valence neutrons and protons (particle-or hole-like) and b i are parameters. Inclusion of these two terms in the LDM mass formula (1) reduces the rms deviation from 2.39 to 1.05MeV.
Following Ref. [13] , we employ also an upgraded version of the terms (8), which is suggested by the microscopic mass formula of Duflo and Zuker [10, 22] :
where
is the degeneracy of the neutron (proton) valence shell. They include 2-, 3-and 4-body terms. The quadratic term is associated to configuration mixing and the cubic one to a genuine three body force [18] .
In Table 8 the RMS of the best fits for all the nuclei, for the seven sets of nuclei grouped according to their deformations, and for the semi-magic nuclei, are presented for the Liquid Drop Model, Eq. (1), for the Modified Liquid Drop Model, Eq. (8) and for the model including 3-and 4-body terms, Eq. (9). The first row corresponds to the RMS listed in Table 2 in bold face numbers. It is clear that the inclusion of microscopic terms improves the fits. The global RMS, for all nuclei, diminished form its LDM value of 2.39 MeV to 1.07 MeV and 0.89 MeV. The most impressive reductions in the RMS are found in the spherical nuclei grouped in region 3, which drops from 2.06 MeV to 1.01 MeV and 0.90 MeV, and for the semi-magic nuclei, whose RMS diminishes from 2.11 MeV to 1.04 MeV and 0.82 MeV.
On the other hand, the nuclei in region 7, the most prolate deformed, are the best fitted in the LDMM, while the spherical nuclei in region 3 and the semi-magic nuclei have the largest RMS. The inclusion of 2-, 3-and 4-body terms in LDMM' seems to succeed in introducing deformation effects. Regions 1 and 4 to 7 have all RMS between 562 and 623 keV. Spherical and semi-magic nuclei remain to be those with the largest RMS. 
Conclusions
Along this contribution we have shown that the Liquid Drop Model is best suited to describe the masses of prolate deformed nuclei than of spherical nuclei. The analysis was performed employing three different Liquid Drop Mass formulas. With them, the are nuclear masses nuclei grouped in eight sets with similar quadrupole deformations were fitted. For the three LDM models it was found that the masses of prolate deformed nuclei can be described with remarkable precision for a LDM, with an RMS smaller than 750 keV, while the masses of spherical and semi-magic nuclei are those worst described, with RMS larger than 2000 keV. The dispersion of the parameters of the three models were studied comparing the fits for the different groups of nuclei. We found that in the three the surface symmetry term is the one which varies the most from one group of nuclei to another. In the model of Ref. [17] , isospin dependent terms were found to exhibit strong changes, making this model the least robust of the three under this criterion.
The inclusion of shell effects allows for better fits, which continue to be better in the prolate deformed nuclei region. The Duflo-Zuker model is based in a microscopic description of shell effects, and describes deformation through a change in valence occupations. It remains a challenge to see if the DZ mechanism to incorporate deformation effects can be successfully employed by other models.
